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Throughout this paper, ðX; dÞ will be a given complete metric
space. Let us select an arbitrary point x0 2 X, and call it the
‘‘zero of X’’; further, denote
kxk ¼ dðx; x0Þ; for all x 2 X:
It will be clear that the obtained results do not depend on the
particular choice of point x0. Also, w : ½0; 1 ! ½0;1Þ will be a
ﬁxed increasing function, continuous at zero, with wð0Þ ¼ 0.In a recent paper [1], Pata obtained the following reﬁne-
ment of the classical Banach Contraction Principle.
Theorem 1.1 [1]. Let f : X! X and let KP 0; aP 1 and
b 2 ½0; a be ﬁxed constants. If the inequality
dðfx; fyÞ 6 ð1 eÞdðx; yÞ þ KeawðeÞ½1þ kxk þ kykb ð1:1Þ
is satisﬁed for every e 2 ½0; 1 and all x; y 2 X, then f has a
unique ﬁxed point z 2 X. Furthermore, the sequence ffnx0g
converges to z.
Chakraborty and Samanta extended in [2] the result of Pata
to the case of Kannan-type contractive condition.
In this paper, we prove a further extension of Pata’s result,
using contractive condition of Chatterjea’s type [3,4]. Also, we
establish common ﬁxed point results of Pata-type for two
maps, as well as a coupled ﬁxed point result in ordered metric
spaces. An example is given to show that new results are
different from the known ones.
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Assertions similar to the following lemma were used (and
proved) in the course of proofs of several ﬁxed point results
in various papers.
Lemma 1.1 [5]. Let ðX; dÞ be a metric space and let fyng be a
sequence in X such that dðynþ1; ynÞ is nonincreasing and that
lim
n!1
dðynþ1; ynÞ ¼ 0:
If fy2ng is not a Cauchy sequence then there exist a d > 0 and
two strictly increasing sequences fmkg and fnkg of positive inte-
gers such that the following sequences tend to d when k!1:
dðy2mk ; y2nkÞ; dðy2mk ; y2nkþ1Þ; dðy2mk1; y2nkÞ;
dðy2mk1; y2nkþ1Þ; dðy2mkþ1; y2nkþ1Þ:
ð1:2Þ2. A Chatterjea-type ﬁxed point result
Theorem 2.1. Let f : X! X and let KP 0; aP 1 and b 2 ½0; a
be ﬁxed constants. If the inequality
dðfx; fyÞ 6 1 e
2
ðdðx; fyÞ þ dðy; fxÞÞ
þ KeawðeÞ½1þ kxk þ kyk þ kfxk þ kfykb ð2:1Þ
is satisﬁed for every e 2 ½0; 1 and all x; y 2 X, then f has a
unique ﬁxed point z 2 X.
Proof.
1. Uniqueness.For any two ﬁxed u; v 2 X , we can write (2.1) in
the form
dðfu; fvÞ 6 1 e
2
ðdðu; fvÞ þ dðv; fuÞÞ þ KewðeÞ; K > 0:
If fu ¼ u and fv ¼ v then
dðu; vÞ 6 KwðeÞ;
for all e 2 ð0; 1, which implies that dðu; vÞ ¼ 0.
2. Existence of z.
Starting from x0, we introduce the sequences
xn ¼ fxn1 ¼ fnx0 and cn ¼ kxnk:
2.1. First, we have that the sequence dðxnþ1; xnÞ is nonin-
creasing, that is
dðxnþ1; xnÞ 6 dðxn; xn1Þ 6    6 dðx1; x0Þ; ð2:2Þ
for all n 2 N.
Indeed, putting e ¼ 0; x ¼ xn; y ¼ xn1 in (2.1), we obtain
(2.2).
2.2. The sequence fcng is bounded.
Using (2.2), we deduce the following estimate
cn ¼ dðxn; x0Þ 6 dðxn; xnþ1Þ þ dðxnþ1; x1Þ þ dðx1; x0Þ
6 dðxnþ1; x1Þ þ 2c1 ¼ dðfxn; fx0Þ þ 2c1:
Therefore, we infer from (2.1) that
cn 6
1 e
2
½dðxn; x1Þ þ dðxnþ1; x0Þ
þ KeawðeÞ½1þ kxnk þ kxnþ1k þ kx1kb þ 2c1:Using dðxn; x1Þ 6 dðxn; x0Þ þ dðx0; x1Þ; dðxnþ1; x0Þ 6 dðxnþ1;
xnÞ þ dðxn; x0Þ and (2.2), as b 6 a, the previous inequality
implies that
cn 6 ð1 eÞðcn þ c1Þ þ KeawðeÞ½1þ 2cn þ 2c1a þ 2c1
Now,
½1þ 2cn þ 2c1a 6 ð1þ 2cnÞað1þ 2c1Þa  2acanð1þ 2c1Þa;
which implies that
cn 6 ð1 eÞcn þ aeawðeÞcan þ b;
for some a; b > 0. Hence,
ecn 6 aeawðeÞcan þ b:
Now, for the same reason as in [1], it follows that the
sequence fcng is bounded.
2.3. limn!1dðxnþ1; xnÞ ¼ 0.
For all e 2 ð0; 1 and for x ¼ xn; y ¼ xn1 we have
dðxnþ1; xnÞ ¼ dðfxn; fxn1Þ 6
1 e
2
ðdðxn; xnÞ þ dðxn1; xnþ1ÞÞ
þ KeawðeÞ½1þ 2kxnk þ kxn1k
þkxnþ1kb 6 1 e
2
ðdðxn1; xnÞ
þdðxn; xnþ1ÞÞ þ KewðeÞ; K > 0: ð2:3Þ
If limn!1dðxnþ1; xnÞ ¼ d > 0, it follows from (2.3) that
d 6 KwðeÞ;
that is d ¼ 0. A contradiction.
2.4. The sequence fxngn2N is a Cauchy sequence.
If it is not the case, choose d > 0; fmkg and fnkg as in
Lemma 2.1. Putting x ¼ x2mðkÞ1; y ¼ x2nðkÞ in (2.1), we
obtain
dðx2mðkÞ; x2nðkÞþ1Þ 6 1 e
2
ðdðx2mðkÞ1; x2nðkÞþ1Þ
þ dðx2mðkÞ; x2nðkÞÞÞ þ KewðeÞ; ð2:4Þ
where dðx2mðkÞ; x2nðkÞþ1Þ ! d, dðx2mðkÞ1; x2nðkÞþ1Þ ! d and
dðx2mðkÞ; x2nðkÞÞ ! d. Letting k!1 in (2.4), we obtain
d 6 KwðeÞ;
that is d¼ 0, a contradiction.
Taking into account the completeness of ðX; dÞ, we can now
guarantee the existence of some z 2 X to which fxng con-
verges.Finally, all that remains to show is:
2.5. z is a ﬁxed point for f.
For this we observe that, for all n 2 N and for e ¼ 0,
dðfz; zÞ 6 dðfz; xnþ1Þ þ dðxnþ1; zÞ ¼ dðfz; fxnÞ þ dðxnþ1; zÞ
6 1
2
ðdðz; xnþ1Þ þ dðfz; xnÞÞ þ dðxnþ1; zÞ:
Hence, dðfz; zÞ 6 1
2
dðfz; zÞ, that is fz ¼ z, which is the
required result. h
The classical Chatterjea’s result [3] is a consequence of
Theorem 2.1, since the condition
dðfx; fyÞ 6 k
2
ðdðx; fyÞ þ dðy; fxÞÞ
for some k 2 ½0; 1Þ and all x; y 2 X, implies condition (2.1).
This can be proved in the same way as in [1, Section 3], or
[2, Section 3].
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In this section, we deduce some common ﬁxed point results
using a Pata-type contractive condition.
Let f and g be two self-mappings of the given metric space
ðX; dÞ, such that fX  gX, and at least one of these subspaces
of X is complete. Choose arbitrary x0 2 X and denote
y0 ¼ fx0; this time, for x 2 X, denote kxk ¼ dðx; y0Þ. Suppose
that the function w has the same properties as in the previous
section.
Theorem 3.1. Let KP 0; aP 1 and b 2 1; a½  be ﬁxed con-
stants such that the inequalityd fx; fyð Þ 6 1 eð Þ d gx; gyð Þ
þ Keaw eð Þ 1þ gxk k þ gyk k½ b: ð3:1Þ
holds for each e 2 0; 1½  and for all x; y 2 X. Then the pair f; gð Þ
has a unique point of coincidence. If, moreover, the pair f; gð Þ is
weakly compatible then f and g have a unique common ﬁxed
point z 2 X and for an arbitrary initial point x 2 X, each corre-
sponding Jungck sequence yn ¼ fxn ¼ gxnþ1 converges to z.
Proof. First of all, note that K can be supposed to be positive,
otherwise we have the classical Jungck’s result.
Starting from the given point x0, and using that fX  gX,
construct a usual Jungck sequence fyng by yn ¼ fxn ¼ gxnþ1,
n ¼ 0; 1; 2; . . . We proceed by proving the following steps.1. If the pair f ; gð Þ has a point of coincidence w then it is
unique.
Indeed, let w1 ¼ fu1 ¼ gu1 and w2 ¼ fu2 ¼ gu2, and let
eP 0 be arbitrary. Then
d w1;w2ð Þ ¼ d fu1; fu2ð Þ
6 1 eð Þd gu1; gu2ð Þ þ Keaw eð Þ 1þ gu1k k þ gu2k k½ b
¼ 1 eð Þd w1;w2ð Þ þ Keaw eð Þ;
where K ¼ K 1þ gu1k k þ gu2k k½ b > 0. Hence, d w1;w2ð Þ 6
Kea1w eð Þ. Using the properties of function w, it follows
that w1 ¼ w2.
2. d ynþ1; yn
  # dP 0.
This is obtained by putting e ¼ 0; x ¼ xnþ1; y ¼ xn in (3.1).
3. The sequence fcng, where cn ¼ d yn; y0ð Þ, is bounded.
We have
cn ¼ d yn; y0ð Þ 6 d yn; ynþ1
 þ d ynþ1; y1 þ d y1; y0ð Þ
¼ d yn; ynþ1
 þ d fxnþ1; fx1 þ d y1; y0ð Þ
6 2c1 þ 1 eð Þ d gxnþ1; gx1
 
þ Keaw eð Þ 1þ gxnþ1
 þ gx1k k b
¼ 2c1 þ 1 eð Þd yn; y0ð Þ þ Keaw eð Þ 1þ ynk k þ y0k k½ b
6 2c1 þ 1 eð Þcn þ Keaw eð Þ 1þ cn½ a
6 1 eð Þcn þ aeaw eð Þcan þ b; a > 0; b > 0;
i.e.
ecn 6 aeaw eð Þcan þ b:
If we suppose that fcng is not bounded, we obtain a contra-
diction, similarly as in [1].4. d ¼ 0.
First of all, we have that
d ynþ1; yn
  ¼ d fxnþ1; fxn 
6 1 eð Þ d gxnþ1; gxn
 
þ Keaw eð Þ 1þ gxnþ1
 þ gxnk k b:
Now, using that fcng is bounded and modifying the con-
stant K, we get that
d ynþ1; yn
 
6 1 eð Þ d yn; yn1ð Þ þ Keaw eð Þ;
wherefrom, passing to the limit as n!1,
d 6 1 eð Þdþ Keaw eð Þ;
i.e., d 6 Kea1w eð Þ, hence d ¼ 0. (Note that we have taken
e 2 ð0; 1).
5. Using now Lemma 1.1 in the usual way and taking into
account that fcng is bounded, we can prove that ynf g is a
Cauchy sequence.
6. Suppose that gX is a complete subspace of X (the proof
when fX is complete is similar). We have that
yn ¼ gxnþ1 ! gz, for some z 2 X . But then, putting
e ¼ 0; x ¼ xn; y ¼ z in (3.1), and passing to the limit, we
get that fz ¼ gz ¼ limn!1yn. Hence, fz ¼ gz ¼ w is a
(unique) point of coincidence of ðf ; gÞ.
7. If the pair ðf ; gÞ is weakly compatible, by a classical result,
it follows that z is a unique common ﬁxed point of f and g.
Finally, note that the choice of the initial point x for the
Jungck’s sequence is irrelevant. h
Putting g ¼ iX in the previous theorem, we get Theorem 1.1
as a consequence.
Clearly, Theorem 3.1 generalizes the classical Jungck’s
result [6].
In a very similar way, the following results of Pata–Kannan
and Pata–Chatterjea type can be proved for two mappings.
Theorem 3.2. Let KP 0; aP 1 and b 2 1; a½  be ﬁxed con-
stants such that the inequality
d fx; fyð Þ 6 1 e
2
ðd fx; gxð Þ þ dðfy; gyÞÞ
þ Keaw eð Þ 1þ fxk k þ fyk k þ gxk k þ gyk k½ b:
holds for each e 2 0; 1½  and for all x; y 2 X. Then the pair f; gð Þ
has a unique point of coincidence. If, moreover, the pair f; gð Þ is
weakly compatible then f and g have a unique common ﬁxed
point z 2 X and for an arbitrary initial point x 2 X, each corre-
sponding Jungck sequence yn ¼ fxn ¼ gxnþ1 converges to z.
Theorem 3.3. Let KP 0; aP 1 and b 2 1; a½  be ﬁxed
constants such that the inequality
d fx; fyð Þ 6 1 e
2
ðd fx; gyð Þ þ dðgx; fyÞÞ
þ Keaw eð Þ 1þ fxk k þ fyk k þ gxk k þ gyk k½ b:
holds for each e 2 0; 1½  and for all x; y 2 X. Then the pair f; gð Þ
has a unique point of coincidence. If, moreover, the pair f; gð Þ is
weakly compatible then f and g have a unique common ﬁxed
point z 2 X and for an arbitrary initial point x 2 X, each corre-
sponding Jungck sequence yn ¼ fxn ¼ gxnþ1 converges to z.
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First of all, note that all the obtained results can be easily for-
mulated and proved in versions adapted to ordered metric
spaces. For example, the following form can be given to the
basic Pata’s Theorem 1.1.
Theorem 4.1. Let ðX;; dÞ be a complete ordered metric space
and let KP 0; aP 1 and b 2 ½0; a be ﬁxed constants. Let
f : X! X be a non-decreasing map such that there exists x0
satisfying x0  fx0. If the inequality
dðfx; fyÞ 6 ð1 eÞdðx; yÞ þ KeawðeÞ½1þ kxk þ kykb ð4:1Þ
is satisﬁed for every e 2 ½0; 1 and all comparable x; y 2 X (i.e.,
such that either x  y or y  x holds), then f has a ﬁxed point
z 2 X.
The notions of a coupled ﬁxed point and a mixed monotone
mapping were introduced and investigated by Guo and
Lakshmikantham in [7]. Further, a lot of authors obtained
several results of this kind.
Recall the following notions.
Let ðX;Þ be a partially ordered set and F : X	 X! X.
(1) F is said to have the mixed monotone property if the
following two conditions are satisﬁed:
ð8x1; x2; y 2 XÞ x1  x2 ) Fðx1; yÞ  Fðx2; yÞ;
ð8x; y1; y2 2 XÞ y1  y2 ) Fðx; y1Þ 
 Fðx; y2Þ:
(2) A point ðx; yÞ 2 X 	 X is said to be a coupled ﬁxed point
of F if F ðx; yÞ ¼ x and F ðy; xÞ ¼ y.
Coupled ﬁxed point results under Pata-type contractive
conditions were obtained by Eshaghi et al. in [8]. Their basic
result was the following.
Theorem 4.2 [8]. Let ðX;; dÞ be a complete ordered metric
space and let F : X	 X! X be a continuous mapping having the
mixed monotone property. Suppose that there exists x0; y0 2 X
such that x0  Fðx0; y0Þ and y0 
 Fðy0; x0Þ; for x; y 2 X, denote
kx; yk ¼ dðx; x0Þ þ dðy; y0Þ. Let KP 0, aP 1 and b 2 ½0; a be
ﬁxed constants. If the inequality
dðFðx; yÞ;Fðu; vÞÞ 6 1 e
2
½dðx; uÞ þ dðy; vÞ
þ KeawðeÞ½1þ kx; yk þ ku; vkb ð4:2Þ
is satisﬁed for every e 2 ½0; 1 and all ðx; yÞ; ðu; vÞ 2 X	 X with
u  x; y  v, then F has a coupled ﬁxed point in X	 X.
A new approach to these problems was initiated by
Berinde in [9] and further developed, e.g., in [10–12]. The
basic idea is to exploit results for mappings with one variable
and apply them to mappings deﬁned on products of spaces.
We are going to apply this approach to problems with
Pata-type conditions and we are going to show that better
results can be obtained in this way than by a classical
procedure used, e.g., in [8].
The following lemma is easy to prove.Lemma 4.1 [11].
(i) Let ðX ;; dÞ be an ordered metric space. If the relation v
is deﬁned on X 2 by
Y v V () x  u ^ y 
 v; Y ¼ ðx; yÞ;V ¼ ðu; vÞ 2 X2;
and D : X2 	 X2 ! Rþ is given byDðY;VÞ ¼ dðx; uÞ þ dðy; vÞ; Y ¼ ðx; yÞ;V ¼ ðu; vÞ 2 X2;
then ðX2;v;DÞ is an ordered metric spaces. The space
ðX2;v;DÞ is complete iff ðX;; dÞ is complete.(ii) If F : X 	 X ! X has the mixed monotone property, then
the mapping T F : X 2 ! X 2 given by
TFY ¼ ðFðx; yÞ;Fðy; xÞÞ; Y ¼ ðx; yÞ 2 X2:
is nondecreasing w.r.t. v, i.e.Y v V ) TFY v TFV:
(iii) ðx; yÞ 2 X 	 X is a coupled ﬁxed point of F iff Y ¼ ðx; yÞ is
a ﬁxed point of T F .
(iv) If F is continuous from ðX 2;DÞ to ðX ; dÞ (i.e. xn ! x and
yn ! y imply F ðxn; ynÞ ! F ðx; yÞ) then T F is continuous in
ðX 2;DÞ.
Using these results, we can formulate and prove the follow-
ing coupled ﬁxed point result under Pata-type contractive
condition.
Theorem 4.3. Suppose that all the conditions of Theorem 4.2
hold, except that the condition (4.2) is replaced by
dðFðx;yÞ;Fðu;vÞÞþ dðFðy;xÞ;Fðv;uÞÞ
6 ð1 eÞ½dðx;uÞþ dðy;vÞ
þKeawðeÞ½1þkx;ykþku;vkb: ð4:3Þ
Then F has a coupled ﬁxed point in X	 X.
Proof. Consider the space ðX2;v;DÞ and the mapping
TF : X
2 ! X2 described in Lemma 4.1. It is easy to show that
they satisfy all the conditions of Theorem 4.1; in particular
the contractive condition of the form
DðTFY;TFVÞ 6 ð1 eÞDðY;VÞ þ KeawðeÞ½1þ kYk þ kVkb
holds for all comparable (w.r.t. v) Y;V 2 X2, where
kYk ¼ kðx; yÞk ¼ Dððx; yÞ; ðx0; y0ÞÞ. Applying Theorem 4.1,
we obtain the desired result. h
Remark 4.1. It is easy to show that each example which can be
handled using Theorem 4.2 can also be handled using
Theorem 4.3. The example that follows this remark will show
that the converse is not true.
Indeed, suppose that ðx; yÞ; ðu; vÞ 2 X2 are comparable
w.r.t. v. Applying (4.2) to the pairs ðx; yÞ and ðu; vÞ, we get
that
dðFðx; yÞ;Fðu; vÞÞ 6 1 e
2
DðY;VÞ
þ KeawðeÞ½1þDðY;Y0Þ þDðV;Y0Þ b:
ð4:4Þ
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obtain
dðFðy;xÞ;Fðv;uÞÞ
6 1 e
2
DðY;VÞþKeawðeÞ½1þdðy;x0Þþdðx;y0Þþdðv;x0Þþdðu;y0Þb
6 1 e
2
DðY;VÞþKeawðeÞ½1þDðY;Y0ÞþDðV;Y0Þþ4dðx0;y0Þb:
ð4:5Þ
Adding up the inequalities (4.4) and (4.5), and writing tempo-
rarily A ¼ DðY;Y0Þ þDðV;Y0Þ, we get the following estimate:
DðTFY;TFVÞ 6 ð1 eÞDðY;VÞ þ KeawðeÞf½1þ Ab
þ ½1þ Aþ 4dðx0; y0Þbg: ð4:6Þ
Now,
½1þAbþ½1þAþ4dðx0;y0Þb ¼ ½1þAb 1þ 1þ
4dðx0;y0Þ
1þA
 b" #
6 ½1þAb½1þð1þ4dðx0;y0ÞÞb ¼C½1þAb;
where C is a constant (not depending on Y;V and e). Hence,
putting K1 ¼ KC, (4.6) can be written as
DðTFY;TFVÞ 6 ð1 eÞDðY;VÞ
þ K1eawðeÞ½1þDðY;Y0Þ þDðV;Y0Þb;
which means that all the conditions of Theorem 4.3 are
fulﬁlled.
Example 4.1. Let X ¼ R be equipped with the usual metric
and order. The mapping F : X	 X! X deﬁned by
Fðx; yÞ ¼ 1
6
ðx 4yÞ is obviously mixed monotone. It is easy
to obtain that
dðFðx; yÞ;Fðu; vÞÞ þ dðFðy; xÞ;Fðv; uÞÞ ¼ x 4y
6
 u 4v
6
				
				
þ y 4x
6
 v 4u
6
				
				
6 1
6
jx uj þ 4
6
jy vj
þ 1
6
jy vj þ 4
6
jx uj
¼ 5
6
½dðx; uÞ þ dðy; vÞ;
i.e., DðTFY;TFVÞ 6 kDðY;VÞ, where k ¼ 56. Further, we follow
the procedure as in [1, Section 3], only we write it with some
details that were skipped in [1].
First of all, for arbitrary e 2 ½0; 1, write the obtained
inequality in the form
DðTFY;TFVÞ 6 ð1 eÞDðY;VÞ þ ðkþ e 1ÞDðY;VÞ
6 ð1 eÞDðY;VÞ þ ðkþ e 1ÞðkYk þ kVkÞ:
We want to prove that there are some cP 0 and KP 0 such
that
ðkþ e 1ÞðkYk þ kVkÞ 6 Ke1þcð1þ kYk þ kVkÞ;
holds for each e 2 ½0; 1 and all comparable Y;V 2 X2. Indeed,
this will be the case if one can ﬁnd KP 0 such that
KP
kþ e 1
e1þcholds for some cP 0 and each e 2 ½0; 1. By a routine proce-
dure, it is easy to show that this is the case if we chose c such
that c
1þc > 1 k and then
K ¼ c
c
ð1þ cÞ1þc
1
ð1 kÞc :
Hence, we have that, for the chosen c and K,
dðFðx;yÞ;Fðu;vÞÞþdðFðy;xÞ;Fðv;uÞÞ6 ð1 eÞ½dðx;uÞþdðy;vÞ
þKe1þc½1þkx;ykþku;vk;
for each e > 0 and all x; y; u; v 2 X with u 6 x, y 6 v. Thus, the
conditions of Theorem 4.3 are fulﬁlled (with a ¼ b ¼ 1), and
the mapping F has a coupled ﬁxed point (which is (0, 0)).
On the other hand, suppose that the condition (4.2) of
Theorem 4.2 holds, i.e.,
x 4y
6
 u 4v
6
				
				 6 1 e2 ½jx uj þ jy vj
þ KeawðeÞ½1þ kx; yk þ ku; vkb
is satisﬁed for each e 2 ½0; 1 and all x; y; u; v 2 X with
u 6 x; y 6 v. Taking e ¼ 0 and x ¼ u, we obtain that
2
3
jy vj 6 1
2
jy vj
which obviously cannot hold (except when y ¼ v).5. An open question
The following would be a Pata-version of the well-known
C´iric´’s result on quasicontractions (see, e.g., [4]).
Question 5.1. Prove or disprove the following. Let f : X! X
and let KP 0; aP 1 and b 2 ½0; a be ﬁxed constants. If the
inequality
dðfx; fyÞ 6 ð1 eÞ
	 maxfdðx; yÞ; dðx; fxÞ; dðy; fyÞ; dðx; fyÞ; dðy; fxÞg
þ KeawðeÞ 1þ kxk þ kyk½ b
is satisﬁed for every e 2 ½0; 1 and all x; y 2 X, then f has a
unique ﬁxed point z 2 X. Furthermore, the sequence ff nx0g
converges to z.Acknowledgment
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